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The free vibration characteristics of a torus with a circular cross section are studied by using the
three-dimensional, small-strain, elasticity theory. A set of three-dimensional orthogonal coordinates
system, comprising the polar coordinate (r ,u) at each circular cross section and the circumferential
coordinate w around the ring, is developed. Each of the displacement components ur , nu , and ww
in the r, u, and w directions, respectively, is taken as a product of the Chebyshev polynomials in the
r direction and the trigonometric functions in the u and w directions. Eigenfrequencies and vibration
mode shapes have been obtained via a three-dimensional displacement-based extremum energy
principle. Upper bound convergence of the first seven eigenfrequencies accurate to at least six
significant figures is obtained by using only a few terms of the admissible functions. The
eigenfrequency responses due to variation of the ratio of the radius of the ring centroidal axis to the
cross-sectional radius are investigated in detail. Very accurate eigenfrequencies and deformed mode
shapes of the three-dimensional vibration are presented. All major modes such as flexural
thickness-shear modes, in-plane stretching modes, and torsional modes are included in the analysis.
The results may serve as a benchmark reference for validating other computational techniques for
the problem. © 2002 Acoustical Society of America. @DOI: 10.1121/1.1509429#
PACS numbers: 43.40.2r, 43.40.Cw, 43.40.At @ANN#I. INTRODUCTION
A torus ~circular ring beam with circular cross section!
as basic structural element can find its applications in civil,
mechanical, aircraft, and marine engineering like gyro-
scopes, springs, stiffeners and tires, etc. In some cases, the
torus has to bear dynamic loads, and therefore to understand
its dynamic behavior is very important for designers. One-
dimensional mathematical models about rings have been
available for more than a century.1,2 Considering the ring as
a curved beam or rod, the vibration of a ring can be classified
as in-plane, out-of-plane, and circumferential modes. Based
on the classical theory ~i.e., the hypothesis of a straight nor-
mal line!, three uncoupled differential equations can be de-
veloped for these three modes and solved easily if the exten-
sion of the centerline of the ring is negligible. In order to
improve the classical solutions, some investigators3–6 have
studied the effect of extension, transverse shear, and rotary
inertia.
The existing research work shows that for rings with a
circular cross section, the error of the one-dimensional mod-
els increases with the decrease of the ratio of ring centroidal-
axis radius to cross-sectional radius. Similar conclusions can
also be drawn for rings with a cross section of any shape. In
addition to the one-dimensional models, sometimes investi-
gators also applied two-dimensional plate7,8 and shell9,10
models to analyze the mechanical behavior of a torus. Ac-
a!Author to whom correspondence should be addressed. Electronic mail:
hreccyk@hkucc.hku.hkJ. Acoust. Soc. Am. 112 (6), December 2002 0001-4966/2002/112(6)/2cording to a recent literature survey,11 most of the published
papers are about rings with a rectangular cross section. For
rings with a circular cross section, only the one-dimensional
models have been developed. It is well known that these
mathematical models have serious limitations in their scope
of applications, which are only suitable for slender or thin
structural elements. As a result, the three-dimensional analy-
sis of structural elements has long been a goal of those who
work in the field. In the recent two decades, with the devel-
opment of digital computers and computational techniques, it
has now become possible to obtain accurate eigenfrequencies
and vibration mode shapes for some structural elements. Ex-
act, closed-form three-dimensional elasticity solutions can be
obtained only for a few cases, such as the axisymmetric vi-
bration of annular plates,12 and the vibration of rectangular
plates with four simply supported edges.13 Using a series
expansion method, accurate solutions for the free vibration
of circular plates and cylinders have been derived by
Hutchinson.14–18 In recent years, the Ritz method has been
extensively applied to the three-dimensional vibration analy-
sis of some typical structural elements, such as beams with a
circular cross section,19 circular plates20,21 and cylindrical
shells,22,23 rectangular and trapezoidal plates,24,25 prismatic
columns,26 shell panels,27,28 triangular plates,29,30 and rings
with isosceles trapezoidal and triangular cross sections,31 etc.
In these references, high accuracy, a small computational
cost, and easy coding preparation have been shown if suit-
able admissible functions are selected.
In the present work, the Ritz method is applied to the
free vibration analysis of a torus with a circular cross section2831831/9/$19.00 © 2002 Acoustical Society of America
based on the three-dimensional elasticity theory. Although
the method itself does not guarantee us to provide exact so-
lutions, high accuracy and quick convergence may be
achieved if one selects the displacement functions properly.
In this paper, a combination of the polar coordinate (r ,u) at
each circular cross section and the circumferential coordinate
w around the ring, is developed to describe the strain and
stress distributions in the torus. The corresponding displace-
ment components are taken to be ur , nu , and ww in the r, u,
and w directions, respectively. Each displacement component
is expressed as a product of three separable coordinate func-
tions: a series of Chebyshev polynomials in the r coordinate
and a series of trigonometric functions in the u and w coor-
dinates. It is obvious that each displacement function is com-
posed of orthogonal and complete series in the region be-
cause each component function is orthogonal and complete.
Therefore, the eigenfrequencies presented in this work are
very accurate and often accurate to at least six significant
figures. They can therefore serve as a benchmark solution for
the one-dimensional ring theory and future computational
techniques for the problem.
II. THEORETICAL FORMULATION
Consider a torus with a circular cross section, as shown
in Fig. 1. The cross-sectional radius of the ring is a and the
centroidal-axis radius of the ring is R (R.a). A combination
of the polar coordinate (r ,u) at each cross section and the
circumferential coordinate w around the ring is chosen to
describe the strain and stress in the torus. The polar coordi-
nate with an origin at the centroidal axis of the ring is used to
describe the stress and strain at the cross section. The cir-
cumferential coordinate with an origin at the center of the
torus is used to describe those quantities along the direction
normal to the cross section. It is obvious that the three coor-
dinates (r ,u ,w) in this set of curved coordinate system are
orthogonal to each other. The transformation relations be-
tween the Cartesian coordinates and the present curved co-
ordinates are given as follows:
FIG. 1. A torus with a circular cross section: ~a! three-dimensional view; ~b!
coordinate system.2832 J. Acoust. Soc. Am., Vol. 112, No. 6, December 2002x5~R1r cos u!cos w; y5~R1r cos u!sin w;
~1!
z5r sin u .
Let u, n, and w, respectively, be the displacements in r, u,
and w directions. The relations between three-dimensional
tensorial strains and displacement components in the or-
thogonal curved coordinate system are given by
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From Eq. ~1!, the determinant of the Jacobian matrix of the
coordinate system is given by
uJu5r~R1r cos u!. ~3!
Therefore, the strain energy V and the kinetic energy T of the
torus undergoing free vibration are
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where r is the constant mass per unit volume; u˙ , n˙ , and w˙
are the velocity components. The parameters l and G are the
Lame´ constants for a homogeneous and isotropic material,
which are expressed in terms of Young’s modulus E and the
Poisson’s ratio n by
l5nE/@~11n!~122n!#; G5E/@2~11n!# . ~5!
In free vibrations, the displacement components may be ex-
pressed as
u5U~r ,u ,w!eivt; n5V~r ,u ,w!eivt;
~6!
w5W~r ,u ,w!eivt,
where v is the circular eigenfrequency of the torus and i
5A21.
Considering the circumferential symmetry of the torus
about the coordinate w, the displacement functions can be
expressed asZhou et al.: Vibration analysis of a torus
U~r ,u ,w!5U¯ ~r ,u!cos~nw!;
V~r ,u ,w!5V¯ ~r ,u!cos~nw!; ~7!
W~r ,u ,w!5W¯ ~r ,u!sin~nw!,
where n is the circumferential wave number that should be
an integer, i.e., n50,1,2,3,...,‘ to ensure periodicity. It is
obvious that n50 denotes the axisymmetric modes. Rotating
the axes of symmetry, another set of free vibration modes
can be obtained, which corresponds to an interchange of
cos(nw) and sin(nw) in Eq. ~7!. However, in such a case, n
50 means U(r ,u ,w)50, V(r ,u ,w)50 and W(r ,u ,w)
5W¯ (r ,u), which corresponds to the torsional modes.
Defining the following dimensionless coordinates:
R¯ 5R/a; r¯5r/a , ~8!
and then substituting Eqs. ~6! and ~7! into Eq. ~4!, gives
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The Lagrangian energy functional P is given as
) 5Tmax2Vmax . ~12!
The displacement functions U¯ ( r¯ ,u), V¯ ( r¯ ,u), and W¯ ( r¯ ,u)
are approximately expressed in terms of a finite series as
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where Ai j , Blm , and Cpq are undetermined coefficients and
I, J, L, M, P, and Q are the truncated orders of their corre-
sponding series. It is obvious that if Fi( r¯) (i51,2,3,...,‘),
G j(u) ( j51,2,3,...,‘) and G¯ m(u) (m51,2,3,...,‘) are all
sets of mathematically complete series, then these three sets
are capable of describing any three-dimensional motion of
the torus. Therefore, as sufficient terms are taken, the results
will approach the exact solutions as closely as desired.2833Zhou et al.: Vibration analysis of a torus
TABLE I. Convergence of eigenfrequencies of a torus with a circular cross section when R¯ 51.5 and n51.
Terms V1 V2 V3 V4 V5 V6 V7
Symmetric modes about the centroidal-axis plane
434 1.185 76 2.334 75 2.753 63 3.049 33 3.508 54 3.732 38 3.837 33
535 1.185 74 2.334 06 2.753 26 3.048 28 3.503 98 3.729 11 3.831 64
636 1.185 74 2.334 04 2.723 21 3.048 15 3.503 39 3.728 47 3.831 07
737 1.185 74 2.334 04 2.753 21 3.048 14 3.503 38 3.728 44 3.831 05
838 1.185 74 2.334 04 2.753 21 3.048 14 3.503 37 3.728 44 3.831 05
939 1.185 74 2.334 04 2.753 21 3.048 14 3.503 37 3.728 44 3.831 05
Antisymmetric modes about the centroidal-axis plane
434 1.155 46 2.143 68 2.492 66 3.108 78 3.473 95 3.778 32 4.629 33
535 1.155 07 2.143 37 2.492 04 3.108 55 3.470 28 3.772 59 4.549 37
636 1.155 04 2.143 37 2.492 03 3.108 41 3.469 83 3.771 67 4.545 57
737 1.155 03 2.143 37 2.492 03 3.108 41 3.469 83 3.771 65 4.545 42
838 1.155 03 2.143 37 2.492 03 3.108 41 3.469 83 3.771 64 4.545 42
939 1.155 03 2.143 37 2.492 03 3.108 41 3.469 83 3.771 64 4.545 42Substituting Eqs. ~10! and ~13! into Eq. ~9! and mini-
mizing the Lagrangian functional P with respect to the un-
determined coefficients Ai j , Blm , and Cpq , i.e.,
]
]Ai j
~Vmax2Tmax!50 ~ i51,2,3,...,I; j51,2,3,...,J !;
]
]Blm
~Vmax2Tmax!50 ~ l51,2,3,...,L;m51,2,3,...,M !;
~14!
]
]Cpq
~Vmax2Tmax!50 ~p51,2,3,...,P;q51,2,3,...,Q !,
a set of eigenvalue equations is derived, which can be written
in matrix form as
H F @Kuu# @Kun# @Kuw#@Knn# @Knw#
symmetric @Kww#
G
2V2F @M uu# @M nn#
@M ww#
G J F $A%$B%
$C%
G5F $0%$0%
$0%
G ,
~15!2834 J. Acoust. Soc. Am., Vol. 112, No. 6, December 2002in which V5vaAr/G , @Ki j# and @M ii# (i , j5u ,n ,w) are,
respectively, the stiffness submatrices and the diagonal mass
submatrices, $A%, $B%, and $C% are the column vectors of the
unknown coefficients, respectively, corresponding to Ai j (i
51,2,3,...I; j51,2,3,...,J), Blm (l51,2,...,L; m
51,2,3,...,M ) and Cpq (p51,2,3,...,P; q51,2,3,...,Q). A
nontrivial solution is obtained by setting the determinant of
the coefficient matrix of Eq. ~15! to zero. The roots of the
determinant are the square of the dimensionless eigenfre-
quencies ~eigenvalues!. The mode shapes ~eigenfunctions!
are determined by backsubstitution of the eigenvalues, one
by one, in the usual manner.
It is noted that in using the Ritz method, the stress
boundary conditions of the structure need not be satisfied in
advance, but the geometric boundary conditions should be
satisfied exactly. For a torus, there is actually no restraint on
the surface displacements. In the present work, the Cheby-
shev polynomial series defined in the interval @0, 1# and the
trigonometric series defined in the interval @0, 2p# are used
as the admissible functions of displacements in the r and u
directions, respectively. It is obvious that a torus with a cir-
cular cross section is symmetric about the centroidal-axis
plane ~i.e., the plane containing the centroidal axis of the
ring!. Therefore, the vibration modes of the torus can beTABLE II. The convergence of eigenfrequencies of a torus with a circular cross section when R¯ 51.5 and n55.
Terms V1 V2 V3 V4 V5 V6 V7
Symmetric modes about the centroidal-axis plane
535 2.461 38 3.189 81 3.709 52 4.298 67 4.409 67 4.871 47 5.242 81
636 2.461 26 3.189 71 3.708 74 4.298 22 4.407 66 4.865 66 5.236 25
737 2.461 24 3.189 71 3.709 63 4.298 19 4.407 47 4.864 89 5.235 40
838 2.461 24 3.189 70 3.709 61 4.298 18 4.407 44 4.864 76 5.235 24
939 2.461 24 3.189 70 3.709 61 4.298 18 4.407 44 4.864 74 5.235 21
10310 2.461 24 3.189 70 3.709 61 4.298 18 4.407 44 4.864 74 5.235 21
Antisymmetric modes about the centroidal-axis plane
535 2.163 12 3.156 36 3.772 63 4.307 75 4.688 60 5.106 18 5.472 98
636 2.163 08 3.156 21 3.771 99 4.306 44 4.685 39 5.103 40 5.436 34
737 2.163 07 3.156 19 3.771 91 4.306 38 4.684 98 5.103 10 5.435 22
838 2.163 07 3.156 19 3.771 90 4.306 37 4.684 92 5.103 07 5.435 14
939 2.163 07 3.156 19 3.771 90 4.306 37 4.684 91 5.103 07 5.435 13
10310 2.163 07 3.156 19 3.771 90 4.306 37 4.684 91 5.103 07 5.435 13Zhou et al.: Vibration analysis of a torus
TABLE III. The convergence of eigenfrequencies of axisymmetric vibration for a torus with circular cross section when R¯ 51.5.
Terms V1 V2 V3 V4 V5 V6 V7
Symmetric modes about the centroidal-axis plane
535 1.176 85 2.614 42 2.879 30 3.799 87 4.116 45 4.504 47 4.898 72
636 1.176 82 2.614 28 2.879 06 3.797 26 4.115 71 4.502 95 4.884 95
737 1.176 82 2.614 26 2.879 04 3.797 06 4.115 65 4.502 83 4.883 42
838 1.176 82 2.614 26 2.879 04 3.797 03 4.115 64 4.502 82 4.883 18
939 1.176 82 2.614 26 2.879 04 3.797 03 4.115 64 4.502 82 4.883 15
10310 1.176 82 2.614 26 2.879 04 3.797 03 4.115 64 4.502 82 4.883 15
Antisymmetric modes about the centroidal-axis plane
535 0.802 725 2.520 71 2.988 77 3.807 28 4.477 76 4.906 16 5.181 13
636 0.802 670 2.520 58 2.988 49 3.803 39 4.475 62 4.883 92 5.171 83
737 0.802 665 2.520 56 2.988 47 3.803 07 4.475 45 4.881 04 5.171 53
838 0.802 664 2.520 56 2.988 47 3.803 03 4.475 44 4.880 65 5.171 51
939 0.802 664 2.520 56 2.988 47 3.803 03 4.475 44 4.880 60 5.171 51
10310 0.802 664 2.520 56 2.988 47 3.803 03 4.475 44 4.880 60 5.171 51classified into two distinct categories: symmetric modes and
antisymmetric modes about the centroidal-axis plane. If the
angle u is measured with respect to an axis within the
centroidal-axis plane, then for the symmetric modes one has
Fs~ r¯ !5cos@~s21 !arccos~2 r¯21 !#;
Gs~u!5cos@~s21 !u#; ~16!
G¯ s~u!5sin~su!, s51,2,3,...,
and for the antisymmetric modes, one has
Fs~ r¯ !5cos@~s21 !arccos~2 r¯21 !#; Gs~u!5sin~su!;
~17!
G¯ s~u!5cos@~s21 !u# , s51,2,3,... .
It can be seen that Fs( r¯), Gs(u), and G¯ s(u) in both Eqs.
~16! and ~17! are all orthogonal and complete series in the
defined intervals.
Each of these two categories can be separately deter-
mined and thus it results in a smaller set of eigenvalue equa-
tions while maintaining the same level of accuracy.
III. CONVERGENCE STUDY
It is well known that eigenvalues provided by the Ritz
method converge as upper bounds to the exact values. TheJ. Acoust. Soc. Am., Vol. 112, No. 6, December 2002solution of any accuracy can be obtained theoretically by
using sufficient terms of admissible functions. However,
there is a limit to the number of terms actually used in com-
putation. Therefore, it is important to understand the conver-
gence rate and the accuracy of the method. In the following
convergence study, a thick torus with radius ratio R¯ 5R/a
51.5 was used and in all the calculations, the Poisson’s ratio
n50.3 was fixed. In most cases, optimal convergence could
be obtained by using different number of terms in the com-
ponent series of displacement functions. However, for sim-
plicity, an equal number of terms in the Chebyshev polyno-
mial series and the trigonometric series were used for every
displacement function, i.e., I5J5L5M5P5Q , in the
present analysis. Tables I and II show the convergence of the
first seven eigenfrequency parameters V5vaAr/G for the
circumferential wave number n51 and n55, respectively.
Both the symmetric and antisymmetric modes were studied.
Extensive convergence studies were also carried out for the
axisymmetric vibration and the torsional vibration of the ring
with the results shown in Table III and Table IV, respec-
tively.
All the above computations were performed in double
precision ~16 significant figures! and piecewise Gaussian
quadrature was used numerically to obtain the matrices inTABLE IV. The convergence of eigenfrequencies of torsional vibration for a torus with circular cross section when R¯ 51.5.
Terms V1 V2 V3 V4 V5 V6 V7
Symmetric modes about the centroidal-axis plane
535 2.260 99 3.292 90 4.014 80 4.423 15 5.498 76 5.586 19 6.833 90
636 2.260 99 3.292 68 4.013 94 4.421 59 5.481 19 5.564 43 6.614 10
737 2.260 99 3.292 68 4.013 94 4.421 50 5.480 36 5.563 71 6.596 69
838 2.260 99 3.292 68 4.013 93 4.421 49 5.480 32 5.563 66 6.595 97
939 2.260 99 3.292 68 4.013 93 4.421 49 5.480 32 5.563 65 6.595 92
10310 2.260 99 3.292 68 4.013 93 4.421 49 5.480 32 5.563 65 6.595 92
Antisymmetric modes about the centroidal-axis plane
535 1.913 73 3.266 34 4.410 64 5.411 69 5.525 28 6.617 86 6.837 02
636 1.913 73 3.266 16 4.409 75 5.397 88 5.523 02 6.597 85 6.829 73
737 1.913 73 3.266 16 4.409 69 5.397 56 5.522 41 6.596 06 6.818 01
838 1.913 73 3.266 16 4.409 69 5.397 52 5.522 40 6.595 91 6.817 95
939 1.913 73 3.266 16 4.409 69 5.397 52 5.522 39 6.595 90 6.817 89
10310 1.913 73 3.266 16 4.409 69 5.397 52 5.522 39 6.595 90 6.817 892835Zhou et al.: Vibration analysis of a torus
Eq. ~15!. It is seen that the first seven eigenfrequencies have
converged monotonically to six significant figures by using
only a few terms. As both the Chebyshev polynomial series
and the trigonometric series are complete, one can conclude
that these eigenfrequencies are ‘‘exact values’’ to six digits.
Values given in boldface type and underlined are the con-
verged values for the smallest number of terms used. Com-
paring Tables I and II, one can find that the convergence rate
is almost the same for n51 and n55. The first seven eigen-
frequencies accurate to six significant figures have been ob-
tained by using only nine terms of the admissible functions
in each coordinate.
IV. EIGENFREQUENCIES AND MODE SHAPES
The results for a torus with circular cross section are
presented in Figs. 2–6, where the parameter R/a is plotted
along a logarithmic axis. The ratio of the centroidal-axis ra-
dius to the cross-sectional radius varies from 1.1 to 100.
Figure 2 shows the first six eigenfrequency parameters V
5vaAr/G for torsional vibration, comprising three sym-
metric modes and three antisymmetric modes. The third to
eighth eigenfrequency parameters V of axisymmetric vibra-
tion are given in Fig. 3, and they include the second to fourth
symmetric modes and the second to fourth antisymmetric
modes. Figure 4 gives the third to eighth eigenfrequency
FIG. 2. The first six eigenfrequency parameters V of torsional vibration of
a torus: L, first symmetric mode; h, second symmetric mode; n, third
symmetric mode; 3, first antisymmetric mode; 1, second antisymmetric
mode; s, third antisymmetric mode.
FIG. 3. The third to eighth eigenfrequency parameters V of axisymmetric
vibration of a torus: L, second symmetric mode; h, third symmetric mode;
n, fourth symmetric mode; 3, second antisymmetric mode; 1, third anti-
symmetric mode; s, fourth antisymmetric mode.2836 J. Acoust. Soc. Am., Vol. 112, No. 6, December 2002parameters V for the circumferential wave number n51 that
consist of the second to fourth symmetric modes and the
second to fourth antisymmetric modes. From Figs. 2–4, it is
seen that with the increase of the radius ratio R/a , the eigen-
frequency parameters V of symmetric modes eventually co-
incide with those of antisymmetric modes. For a given cross-
sectional radius a, the eigenfrequencies monotonically
decrease with the increase of centroidal-axis radius R of the
torus and approach certain constant values. In general, for
R/a.10, we may consider the eigenfrequency parameters V
to be constant.
The first and second eigenfrequencies of axisymmetric
vibration, which correspond to the fundamental antisymmet-
ric mode and symmetric mode, respectively, are described by
a new eigenfrequency parameter G5(R/a)V5vRAr/G . It
is clear that both the torsional vibration and the axisymmetric
vibration are independent of the coordinate u. Torsional vi-
bration is related to the coordinates w and r while axisym-
metric vibration is only related to the coordinate w. In Fig. 5,
six eigenfrequency parameters are shown for the fundamen-
tal symmetric and antisymmetric modes for circumferential
wave number n51, the second symmetric and antisymmetric
modes for circumferential wave number n52, as well as the
fundamental symmetric and antisymmetric modes of axisym-
FIG. 4. The third to eighth eigenfrequency parameters V of a torus for
circumferential wave number n51: L, second symmetric mode; h, third
symmetric mode; n, fourth symmetric mode; 3, second antisymmetric
mode; 1, third antisymmetric mode; s, fourth antisymmetric mode.
FIG. 5. Eigenfrequency parameters G of a torus for circumferential wave
number n<2 and for the axisymmetric vibration: L, first symmetric mode
for n51; h, first antisymmetric mode for n51; n, second symmetric
mode for n52; 3, second antisymmetric mode for n52; 1, first symmet-
ric mode for axisymmetric vibration; s, first antisymmetric mode for axi-
symmetric vibration.Zhou et al.: Vibration analysis of a torus
metric vibration. From the figure, one can find that the fun-
damental eigenfrequency parameter of symmetric modes for
circumferential wave number n51 and the second eigenfre-
quency parameter of symmetric modes for circumferential
wave number n52 monotonically increase with the increase
of the radius ratio R/a . Among the rest, the eigenfrequency
parameter of the first antisymmetric modes for axisymmetric
vibration monotonically decreases with the increase of the
radius ratio R/a . However, the others are not monotonic. In
general, for R/a.10, we may also consider the eigenfre-
quency parameters G to be constant. In Fig. 6, the dimension-
less parameter L5(R/a)2V is used to describe the funda-
mental eigenfrequencies of a torus for circumferential wave
number n>2. In the figure, the fundamental eigenfrequency
parameters of symmetric and antisymmetric modes for n
52, 3, 4 are plotted against the radius ratio R/a . It is seen
that all the eigenfrequency parameters monotonically in-
crease, and approach certain constant values with the in-
crease of the radius ratio R/a . Moreover, with the increase of
the radius ratio R/a , the eigenfrequencies of symmetric
modes become close to those of antisymmetric modes.
In the above analysis, three different dimensionless
eigenfrequency parameters V, G, and L are introduced,
which facilitate not only the trends of the variation of eigen-
frequencies but also a comparison with other solutions. In
the approximate one-dimensional theory, the in-plane vibra-
tion and out-of-plane vibration of a ring are separately inves-
tigated. In Fig. 6, the symmetric modes correspond to the
in-plane vibration solutions of the one-dimensional theory
while the antisymmetric modes correspond to the out-of-
plane vibration solutions. For example, according to the clas-
FIG. 6. The fundamental eigenfrequency parameters L of a torus for cir-
cumferential wave number n>2: L, first symmetric mode for n52; h,
first antisymmetric mode for n52; n, first symmetric mode for n53; 3,
first antisymmetric mode for n53; 1, first symmetric mode for n54; s,
first antisymmetric mode for n54.J. Acoust. Soc. Am., Vol. 112, No. 6, December 2002sical one-dimensional ring theory,1,2 the eigenfrequencies for
in-plane vibration of a circular ring are given by
Ls21
2 50.65s2~s221 !2/~s211 !, s52,3,4,... , ~18!
and the eigenfrequencies for out-of-plane vibration are given
by
Ls21
2 50.65s2~s221 !2/~s2111n!, s52,3,4,... .
~19!
A comparison of the present results with those obtained from
the classical theory is given in Table V for a thin circular ring
with the radius ratio R/a550. It is shown that for thin cir-
cular rings, the classical theory can predict the lower-order
eigenfrequencies with good accuracy. However, like all kinds
of approximate theories, it cannot provide a full vibration
spectrum of the circular ring and the error increases with the
decrease of the radius ratio R/a . Moreover, the classical
theory does not include shear deformation or rotary inertia
effects. Taking a torus with the radius ratio R/a51.5 as an
example, the fundamental eigenfrequency parameter of in-
plane vibration obtained by using the classical one-
dimensional ring theory is L152.163 33. However, the cor-
responding eigenfrequency parameter obtained by using the
present three-dimensional elasticity theory is L151.591 17.
The error of the classical one-dimensional ring theory is up
to about 36%! Considering the relations L5(R/a)2V and
G5(R/a)V , and noting that R/a.1, one can find out from
Figs. 2–6 by comparing V that for a torus, whether thin or
thick, the lowest eigenfrequencies of both symmetric modes
and antisymmetric modes are always those for n52. Al-
though the lower eigenfrequencies of a torus with large ra-
dius ratio R/a are confined to some particular modes, as seen
from Fig. 6, for a torus with small radius ratio R/a , the lower
eigenfrequencies for a larger variety of modes tend to cluster
together, as is evident from Figs. 2–6.
Corresponding to each eigenfrequency, the three-
dimensional deformed mode shapes of the torus can be easily
obtained from Eqs. ~13! and ~15!. As an example, the first
three antisymmetric mode shapes and symmetric mode
shapes of torsional vibration for a torus with radius ratio
R/a51.5 are given in Figs. 7 and 8 in contour form, respec-
tively. It is known that for torsional vibration, the modes of
the torus are the same at each cross section and only the
deflection W(r ,u) in the circumferential direction w exists.
Therefore, only the mode shapes in a cross section need to be
given.TABLE V. A comparison of the eigenfrequency parameters L for a thin circular ring, R/a550.
Methods L1 L2 L3 L4 L5 L6
In-plane vibration
Present 2.162 23 6.110 11 11.7002 18.8898 27.6539 37.9700
Classical 2.163 33 6.118 82 11.7323 18.7938 27.8340 38.3099
Out-of-plane vibration
Present 2.099 17 6.016 84 11.5907 18.7688 27.5231 37.8296
Classical 2.101 21 6.029 06 11.6301 18.8651 27.7218 38.19552837Zhou et al.: Vibration analysis of a torus
V. CONCLUSIONS
This paper describes the detailed development of a
three-dimensional analysis method for the free vibration of a
torus with a circular cross section. The spatial integrals for
strain and kinetic energy components have been formulated
by developing a set of orthogonal coordinate systems. An
energy functional has been defined and its extremum deter-
mined to arrive at the governing eigenfrequency equation. A
combination of Chebyshev polynomials and trigonometric
series are used as the admissible functions of the displace-
ment components. The vibration of a torus is classified into
three distinct categories, namely, axisymmetric vibration,
FIG. 7. The first three antisymmetric modes of torsional vibration when
R/a51.5: ~a! the first mode; ~b! the second mode; ~c! the third mode; ~d!
coordinate system for the cross section.
FIG. 8. The first three symmetric modes of torsional vibration when R/a
51.5: ~a! the first mode; ~b! the second mode; ~c! the third mode; ~d!
coordinate system for the cross section.2838 J. Acoust. Soc. Am., Vol. 112, No. 6, December 2002torsional vibration, and vibration related to the circumferen-
tial wave number n. By using the symmetry of the structure,
the vibration modes of every category are divided into sym-
metric and antisymmetric ones. This greatly reduces the
computational cost while maintaining the same level of ac-
curacy.
The convergence of eigenfrequencies has been exam-
ined. It is shown that the first seven eigenfrequencies accu-
rate to at least six significant figures for each vibration type
can be obtained by using only nine terms of the admissible
functions. Through the parametric studies, the variation of
eigenfrequencies versus the radius ratio of the torus is found.
Important lower eigenfrequencies corresponding to general
cross-sectional motions, which can only be determined by
the three-dimensional elasticity theory, have been obtained.
The present method is capable of determining eigenfrequen-
cies and mode shapes very accurately. The results may serve
as valuable benchmark solutions for validating the one-
dimensional ring theories and new computational techniques
for the problem.
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